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a b s t r a c t
Let A be an n × n matrix with rational entries and let
n
n
k−1 n
Z
Zn [A] := ∞
be the minimal
k=1 Z + AZ + · · · + A
A-invariant Z-module containing the lattice Zn . If D ⊂ Zn [A]
is a ﬁnite set we call the pair (A, D) a digit system. We say
that (A, D) has the ﬁniteness property if each z ∈ Zn [A] can
be written in the form z = d0 + Ad1 + · · · + Ak dk , with
k ∈ N and digits dj ∈ D for 0 ≤ j ≤ k. We prove that for a
given matrix A ∈ Mn (Q) there is a ﬁnite set D ⊂ Zn [A] such
that (A, D) has the ﬁniteness property if and only if A has
no eigenvalue of absolute value < 1. This result is the matrix
analogue of the height reducing property of algebraic numbers.
In proving this result we also characterize integer polynomials P ∈ Z[x] that admit digit systems having the ﬁniteness
property in the quotient ring Z[x]/(P ).
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Let A be an n × n integer matrix and let D ⊂ Zn be ﬁnite. The pair (A, D) is called a
digit system in the lattice Zn . The matrix A is called the base of the digit system, the set
D is called its digit set. The pair (A, D) is said to have the ﬁniteness property, if every
vector z ∈ Zn can be written as a ﬁnite sum using only the digits from D, multiplied by
non-negative powers of A, i.e., if every vector z ∈ Zn admits a radix representation
z = d0 + Ad1 + · · · + Ak dk ,

(1)

with digits dj ∈ D for 0 ≤ j ≤ k. Such representations, in general, need not be unique.
If they are, we say that (A, D) has the unique representation property. If one deﬁnes the
set D[A] ⊂ Rn by
D[A] := {d0 + Ad1 + · · · + Ak dk ∈ Rn , dj ∈ D, 0 ≤ j ≤ k, j, k ∈ Z},
then the ﬁniteness property of the pair (A, D) can be restated as Zn = D[A].
For a ring R ⊂ R in all what follows we will denote Mn (R) the set of n × n matrices
with entries taken from R. Recall that a matrix of Mn (R) is called expanding, if each of its
eigenvalues is strictly greater than 1 in absolute value. In 1993 Vince [26,27] demonstrated
that for each expanding integer matrix A ∈ Mn (Z), there exists a ﬁnite digit set D,
consisting of integer vectors, such that (A, D) is a digit system in Zn with ﬁniteness
property (this result is essentially contained in [27, Lemma 2], although it was not
stated in his paper explicitly in this form). The basic underlying principle behind the
ﬁniteness property is the ultimate periodicity of the mapping Φ : Zn → Zn , Φ(x) =
A−1 (x − d(x)), where d(x) ∈ D satisﬁes x ≡ d (mod AZn ). Vince also noted that,
when A has at least one eigenvalue of absolute value < 1, then (A, D) cannot have the
ﬁniteness property. Moreover, in [27, Proposition 4] he showed that a digit system cannot
possess the unique representation property unless A is expanding. We refer to A. Kovács
[15], where problems on this topic are formulated. Although we attribute the matrix
version formulation to Vince, all basic principles were understood much earlier in the
context of number systems deﬁned in orders of number ﬁelds. With special emphasis on
the unique representation property, these number systems were studied extensively by
Kátai and Szabó [14], Kátai and B. Kovács [12,13,18], Gilbert [10,11], B. Kovács and
Pethő [19,20], Burcsi and A. Kovács [8], Akiyama and Rao [2], Scheicher [23], and many
others. More recently, the set of algebraic numbers α that admit number systems in Z[α]
with ﬁniteness property was investigated and fully characterized in the series of papers
[1,3–5] by Akiyama and his co-authors. In this context the ﬁniteness property is also
known as the height reducing property of the minimal polynomial of α. We mention that
the characterization of the unique representation property is far from being complete.
In the present note, we extend Vince’s results on the ﬁniteness property in two directions: ﬁrstly, we deal with cases when A has rational (not necessarily integer) entries;
secondly, we deal with the situation when A has eigenvalues |λ| = 1.

352 J. Jankauskas, J.M. Thuswaldner / Linear Algebra and its Applications 557 (2018) 350–358

Let A ∈ Mn (Q). Notice that the lattice Zn is no longer A-invariant when A has
non-integer entries. Thus for a rational matrix A we cannot expect the representations
of the form (1) to lie in Zn . We make up for this by introducing the A-invariant Z-module
Zn [A] :=

∞

 n

Z + AZn + · · · + Ak−1 Zn

(2)

k=1

which turns out to be the natural space containing the digit representations in this
setting. Clearly, Zn [A] is the smallest A-invariant Z-module that contains the lattice Zn .
As the example Z[3/2] shows, in general the module Zn [A] can no longer be regarded as
a lattice in Rn when the entries of A are not integers. Using the module Zn [A] we now
give the exact deﬁnition of the objects we are interested in.
Deﬁnition 1. Let A ∈ Mn (Q) and let D ⊂ Zn [A] be ﬁnite. Then the pair (A, D) is called a
digit system in Zn [A] with base A and digit set D. If D[A] = Zn [A], i.e., if each z ∈ Zn [A]
admits a ﬁnite radix representation
z = d0 + Ad1 + · · · + Ak dk ,

(3)

with digits dj ∈ D for 0 ≤ j ≤ k we say that (A, D) has the ﬁniteness property. If each
z ∈ Zn [A] has a unique representation of the form (3) then (A, D) is said to possess the
unique representation property.
Using this deﬁnition we are able to state our main result.
Theorem 2. Let A be an n ×n matrix with rational entries. There is a digit set D ⊂ Zn [A]
that makes (A, D) a digit system in Zn [A] with ﬁniteness property if and only if A has
no eigenvalue λ with |λ| < 1. The digit set D can even be chosen to be a subset of Zn .
While Vince [27] derives his ﬁniteness result by recasting the argument of the ultimate
periodicity from the digit systems [10–14,18,19] in the matrix form, our case is more
subtle. The reason for this is the existence of inﬁnite orbits of points x ∈ Zn under the
action of A−1 , when the matrix A possesses Jordan blocks of the orders ≥ 2 corresponding
to eigenvalues λ with |λ| = 1. This can be easily seen, for instance, by taking A to be
the shear matrix:


1 1
A=
.
0 1
Note that for x = (x1 , x2 )T , A−n x = (x1 − nx2 , x2 ), so that Φn (x) might ultimately
diverge if x2 = 0.
We deal with this by decomposing Zn [A] into simpler submodules and constructing
digit systems with ﬁniteness property there ﬁrst. We are going to prove Theorem 2 by
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building on a result proved by Akiyama et al. [4] for number systems in orders of number
ﬁelds. Before stating it in the form that is convenient for our applications, let us digress
into some deﬁnitions and notation from polynomial rings.
Let P ∈ Z[x] be a polynomial in a single variable x with integer coeﬃcients. Similarly
to (1), for a ﬁnite subset N ⊂ Z, we deﬁne
N [x] := {d0 + d1 x + · · · + dk xk , dj ∈ N , 0 ≤ j ≤ k, j, k ∈ Z},
and call the pair (P, N ) a digit system in the ring Z[x]/(P ) with a digit set N . We say
that (P, N ) has the ﬁniteness property if
Z[x] = N [x] + (P ),
i.e., if each residue class of Z[x]/(P ) has a representative in N [x].
With all this in mind, we can now recast the main result of [4] in the polynomial form
as follows.
Proposition 3. Let P ∈ Z[x], deg P ≥ 1, be irreducible in Z[x]. Then Z[x] = N [x] + (P )
holds for some ﬁnite set N ⊂ Z if and only if P has no root α with |α| < 1.
Proof of Proposition 3. Since P ∈ Z[x] is not a constant, it has a root α ∈ C. The
irreducibility of P in Z[x] implies that the g.c.d. of the coeﬃcients of P is 1. Therefore,
by Gauss Lemma (see, for instance, [6]), the kernel of the evaluation mapping x → α
is the principal ideal (P ). Then, by the First Isomorphism Theorem, the ring Z[α] (the
image of a ring Z[x] under the evaluation mapping) satisﬁes Z[α] ∼
= Z[x]/(P ), i.e.,
each element of Q(α) ∈ Z[α] corresponds to a residue class Q(x) + (P ) ∈ Z[x]/(P ). In
particular, it is readily seen that Z[α] = N [α] is equivalent to the ﬁniteness property
Z[x] = N [x] + (P ). 2
Van de Woestijne and his coauthors [24,25] consider products of digit systems. The
following Lemma is simpler than their results in the sense that we do not care about the
size of the digit set used in the product and we only think about integer digits.
Lemma 4. Let P, Q ∈ Z[x] and let L, M ⊂ Z be ﬁnite sets. If Z[x] satisﬁes Z[x] =
L[x] + (P ) and Z[x] = M[x] + (Q), then there exists a ﬁnite set N ⊂ Z, such that
Z[x] = N [x] + (P Q).
Proof of Lemma 4. Let S be an arbitrary element of Z[x]. By our assumptions we can
choose a polynomial R1 ∈ L[x] in a way that S = R1 + S1 P holds for some S1 ∈ Z[x].
After that, we can choose a polynomial R2 ∈ M[x] such that, for some S2 ∈ Z[x],
S1 = R2 + S2 Q, which yields
S = R1 + (R2 + S2 Q)P = R1 + R2 P + S2 P Q.
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This means S ≡ R1 + R2 P (mod P Q). The coeﬃcients of the polynomials R1 , R2 are
contained in ﬁnite sets L and M, respectively. Since P is a ﬁxed polynomial, the set of
possible coeﬃcients of the polynomial R1 + R2 P is bounded and therefore is contained
in a ﬁnite set N depending only on L, M, and the polynomial P . This implies that each
S ∈ Z[x] has a representative in N [x] modulo P Q. 2
By induction, Lemma 4 implies the following corollary.
Corollary 5. Let P ∈ Z[x] and let N ⊂ Z be a ﬁnite set. If Z[x] = N [x] + (P ), then, for
every m ∈ N, there exists a ﬁnite set Nm ⊂ Z, such that Z[x] = Nm [x] + (P m ).
Moreover, we gain the following generalization of Proposition 3 to arbitrary polynomials over Z.
Theorem 6. Let P ∈ Z[x]. Then Z[x] = N [x] + (P ) holds for some ﬁnite set N ⊂ Z if
and only if P has no root α with |α| < 1.
Proof of Theorem 6. We begin by showing suﬃciency. First, assume that P is a nonzero
constant polynomial, i.e., P = c ∈ Z, c = 0. Let N ⊂ Z be a complete set of representatives of the residue classes (mod c). It is clear that one can write any S ∈ Z[x]
as S = R + cQ, R ∈ N [x], Q ∈ Z[x], therefore the statement is true in this case. If
k
m
deg P ≥ 1, then, by unique factorization in Z[x], one can express P = j=1 Pj j , where
each Pj ∈ Z[x] is irreducible and has no root α ∈ C with |α| < 1. By combining previous
remark about constant polynomials, Proposition 3, Lemma 4, and Corollary 5, we obtain
that there exists a ﬁnite set N ⊂ Z, such that Z[x] = N [x] + (P ). For the necessity,
suppose that Z[x] = N [x] + (P ) holds. Let Q ∈ Z[x] be any irreducible divisor of P = 0.
Since (P ) ⊂ (Q), Z[x] = N [x] + (Q). Then either Q = c = 0, or the ‘only if’ part of
Proposition 3 applies. In both cases, Q has no root α with |α| < 1. 2
Recall that the companion matrix C(Q) of a polynomial
Q(x) = ad xd + ad−1 xd−1 + · · · + a1 x + a0 ∈ Z[x]
of degree d := deg P ≥ 1 is deﬁned
⎛
0
⎜1
⎜
⎜0
C(Q) = ⎜
⎜ ..
⎜.
⎝0
0

by
0
0
1
..
.
0
0

...
...
...
..
.
...
...

0
0
0
..
.
1
0

⎞
0
−a0 /ad
0
−a1 /ad ⎟
⎟
0
−a2 /ad ⎟
⎟.
..
..
⎟
.
.
⎟
0 −ad−2 /ad ⎠
1 −ad−1 /ad

One can see easily that Q = ad χC (x), where χC (x) denotes the characteristic polynomial
of C(Q). Before proving a full matrix version of Theorem 6, we state an intermediate
result.

J. Jankauskas, J.M. Thuswaldner / Linear Algebra and its Applications 557 (2018) 350–358 355

Lemma 7. Let P ∈ Z[x], d = deg P ≥ 1, and let C = C(P ) be the companion matrix
of P . If P has no root α with |α| < 1, then there exists a ﬁnite set of vectors D ⊂ Zd
such that (C, D) is a digit system with ﬁniteness property.
Proof of Lemma 7. In view of (2), each vector z ∈ Zd [C] can be written as
z = Q1 (C)e1 + · · · + Qd (C)ed , for some Qj ∈ Z[x], 1 ≤ j ≤ d.
Therefore,
Zd [C] = Z[C]e1 + Z[C]e2 + · · · + Z[C]ed =
= Z[C]e1 + CZ[C]e1 + · · · + C d−1 Z[C]e1 .
By Theorem 6, there exists a ﬁnite set N ⊂ Z such that
Z[x] = N [x] + (P ).
Since P (C) = 0, the substitution x → C yields Z[C] = N [C]. Hence,
Zd [C] = N [C]e1 + CN [C]e1 + · · · + C d−1 N [C]e1 =
= (N [C] + CN [C] + · · · + C d−1 N [C])e1 .

(4)

As N ⊂ Z is ﬁnite, one can always ﬁnd a ﬁnite set M ⊂ Z, such that
N [x] + xN [x] + · · · + xd−1 N [x] ⊂ M[x].
Together with (4) this yields Zd [C] ⊂ M[C]e1 . By setting D := Me1 ⊂ Zd , we get
Zd [C] ⊂ D[C] and, a fortiori, Zd [C] = D[C]. Therefore, the digit system (C, D) in Zd [C]
possesses the ﬁniteness property. 2
Following Kovács [16,17], we now deﬁne block-digit systems. For two vectors v ∈ Qm ,
w ∈ Qn , their block sum is deﬁned by v⊕w := (v, w)T ∈ Qm+n . Likewise, the block-sum
of two matrices A ∈ Mm (Q) and B ∈ Mn (Q) is a block matrix

A⊕B =


A
On,m

Om,n
B

∈ Mm+n (Q).

The block sum respects the addition of vectors in Qm+n and the multiplication by
compatible block-matrices from Mm+n (Q), in particular,
v ⊕ w + x ⊕ y = (v + x) ⊕ (w + y),

(A ⊕ B)(v ⊕ w) = (Av) ⊕ (Bw),

(5)
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for every v, x ∈ Qm , w, y ∈ Qn . Let DA ⊂ Zm and DB ⊂ Zn be ﬁnite sets containing the
respective zero vectors 0m ∈ Zm and 0n ∈ Zn . The presence of 0m ∈ DA and 0n ∈ DB
allows assembling the radix representations of diﬀerent length to obtain
DA [A] ⊕ DB [B] = (DA ⊕ DB )[A ⊕ B]

(6)

using the block-sum properties in (5). Properties (5) and (6), combined with the projections into the ﬁrst m or the last n coordinates, implies the following proposition.
Proposition 8. Let A ∈ Mm (Q) and B ∈ Mn (Q). Suppose that 0m ∈ DA ⊂ Zm and
0n ⊂ DB ∈ Zn . Then (A ⊕ B, DA ⊕ DB ) is a digit system with ﬁniteness property in
the lattice Zm+n [A ⊕ B] if and only if digit systems (A, DA ) and (B, DB ) in Zm [A] and
Zn [B], respectively, both have the ﬁniteness property.
Finally we are ready to prove the main theorem of the paper.
Proof of Theorem 2. First, following Gilbert [10] or Vince [27], we will show that (A, D)
is never a digit system with ﬁniteness property if A has an eigenvalue λ of absolute
value |λ| < 1. Indeed, assume that Zn [A] = D[A], so that a z ∈ Zn [A] can be written
z = d0 + · · · + Ak dk , k ∈ N, dj ∈ D. Let v = 0 ∈ Cn satisfy vT A = λvT with |λ| < 1.
Then
vT z = vT d0 + λvT d1 + · · · + λk vT dk .


Since D is ﬁnite, there exists C > 0, such that vT d < C for every d ∈ D. Hence, |λ| < 1
yields
 T 
v z < C(1 + |λ| + · · · + |λ|k ) < C(1 − |λ|)−1 .
This is not possible, since Zn [A], in particular, contains the lattice Zn and its image
under the linear mapping z → vT z cannot be bounded for v = 0.
Thus, it suﬃces to consider the case when all the eigenvalues of A are greater than or
equal to 1 in absolute value. By the Primary Decomposition Theorem ([21, Chapter XI,
Theorem 4.1]) and the Cyclic Subspace Decomposition Theorem ([22, Chapter XIV,
Theorem 2.1]), there exists a nondegenerate n × n rational matrix T , such that A =
T BT −1 , where B is the block-diagonal Frobenius form
⎛

B1
⎜ ..
B = ⎝.
Onk ,n1
m

...
..
.
...

⎞
On1 ,nk
⎟
..
⎠.
.
Bk

Each block Bj := C(Pj j ) of the size nj ×nj on the main diagonal of B is the companion
matrix of the mj -th power of the irreducible polynomial Pj ∈ Z[x] that divides the
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characteristic polynomial of A in Q[x]. For every integer c = 0, T BT −1 = (cT )B(cT )−1 ,
therefore we may assume that T ∈ Mn (Z). Since A has no eigenvalue |λ| < 1, Lemma 7
yields that, for each Bj , there exists a ﬁnite set Dj ∈ Znj , such that (Bj , Dj ) is a digit
system with ﬁniteness property in the module Znj [Bj ]. We may assume that 0nj ∈ Dj
(or append it to each digit set Dj ). By Proposition 8, the block-sum
D := D1 ⊕ · · · ⊕ Dk
makes a digit set for the digit system with ﬁniteness property (B, D ) in the module
Zn [B]. By conjugating with T , we obtain that (A, T D ) is a digit system with ﬁniteness
property in the module (T Zn )[A]. Since T Zn has ﬁnite index in Zn , by adding all coset
representatives from D := Zn /T Zn to the digit set D , one obtains the digit system
(A, D + D ) with ﬁniteness property in the module Zn [A]. 2
We end our paper by posing two open problems.
Problem 9. Suppose an n × n matrix A ∈ Mn (Q) with rational entries has eigenvalues λ
with |λ| ≥ 1, and that at least one eigenvalue is of absolute value |λ| = 1. Is it true that
a digit system (A, D) in Zn [A] cannot admit unique representations?
In relation to Problem 9, Vince [27] proved (see [27, Proposition 4]), that when the
entries of A are integers, there exists no digit system (A, D) in Zn with a zero digit
0 ∈ D satisfying the unique representation property. He notes that the eigenvalues λ
with |λ| = 1 of an integer matrix A are roots of unity; thus, there must be a non-zero
vector v ∈ Zn , such that Am v = v for some integer m ∈ N. By uniqueness of the
representation, v has the radix representation with all digits equal to 0, which contradicts
v = 0. However, in case A ∈ Mn (Q) has rational entries, eigenvalues of A on the unit
circle, in general, need not be only the roots of unity. Problem 9 seems to be much
more interesting in this setting. In this context we refer to [9], where an interesting
characterization of the polynomials in R[x] having all their roots on the unit circle is
given and to [7] where Problem 9 is addressed in the context of so-called shift radix
systems.
Problem 10. Suppose that A ∈ Mn (Q) satisﬁes the assumptions of Problem 9, and that
(A, D) in Zn [A] has the ﬁniteness property. What is the smallest possible size #D of the
digit set?
Regarding Problem 10, we know that in the case where the characteristic polynomial
of A is irreducible over Q and all the eigenvalues are of absolute value 1, the construction
in the proof of Theorem 3 provided in [4] yields only a very rough bound for #D that is
surely far from the optimum.

358 J. Jankauskas, J.M. Thuswaldner / Linear Algebra and its Applications 557 (2018) 350–358

References
[1] S. Akiyama, P. Drungilas, J. Jankauskas, Height reducing problem on algebraic integers, Funct.
Approx. Comment. Math. 47 (part 1) (2012) 105–119.
[2] S. Akiyama, H. Rao, New criteria for canonical number systems, Acta Arith. 111 (1) (2004) 5–25.
[3] S. Akiyama, J.M. Thuswaldner, T. Zaïmi, Characterisation of the numbers which satisfy the height
reducing property, Indag. Math. (N.S.) 26 (1) (2015) 24–27.
[4] S. Akiyama, J.M. Thuswaldner, T. Zaïmi, Comments on the height reducing property II, Indag.
Math. (N.S.) 26 (1) (2015) 28–39.
[5] S. Akiyama, T. Zaimi, Comments on the height reducing property, Cent. Eur. J. Math. 11 (9) (2013)
1616–1627.
[6] D.D. Anderson, GCD domains, Gauss’ lemma, and contents of polynomials, in: Non-Noetherian
Commutative Ring Theory, in: Math. Appl., vol. 520, Kluwer Acad. Publ., Dordrecht, 2000, pp. 1–31.
[7] H. Brunotte, P. Kirschenhofer, J.M. Thuswaldner, Contractivity of three dimensional shift radix
systems with ﬁniteness property, J. Diﬀerence Equ. Appl. 18 (2012) 1077–1099.
[8] P. Burcsi, A. Kovács, Exhaustive search methods for CNS polynomials, Monatsh. Math. 155 (3–4)
(2008) 421–430.
[9] S.A. DiPippo, E.W. Howe, Real polynomials with all roots on the unit circle and abelian varieties
over ﬁnite ﬁelds, J. Number Theory 73 (2) (1998) 426–450.
[10] W.J. Gilbert, Radix representations of quadratic ﬁelds, J. Math. Anal. Appl. 83 (1) (1981) 264–274.
[11] W.J. Gilbert, The division algorithm in complex bases, Canad. Math. Bull. 39 (1) (1996) 47–54.
[12] I. Kátai, B. Kovács, Kanonische Zahlensysteme in der Theorie der quadratischen algebraischen
Zahlen, Acta Sci. Math. (Szeged) 42 (1–2) (1980) 99–107.
[13] I. Kátai, B. Kovács, Canonical number systems in imaginary quadratic ﬁelds, Acta Math. Hungar.
37 (1–3) (1981) 159–164.
[14] I. Kátai, J. Szabó, Canonical number-systems for complex integers, Acta Sci. Math. 37 (3–4) (1975)
255–260.
[15] A. Kovács, Number expansions in lattices, Math. Comput. Modelling 38 (7–9) (2003) 909–915,
Hungarian Applied Mathematics and Computer Applications.
[16] A. Kovács, Simultaneous number systems in the lattice of Eisenstein integers, Ann. Univ. Sci.
Budapest. Sect. Comput. 41 (2013) 43–55.
[17] A. Kovács, Number system constructions with block diagonal bases, in: Numeration and Substitution
2012, RIMS Kôkyûroku Bessatsu 46 (2014) 205–213.
[18] B. Kovács, Canonical number systems in algebraic number ﬁelds, Acta Math. Acad. Sci. Hung.
37 (4) (1981) 405–407.
[19] B. Kovács, A. Pethő, Canonical systems in the ring of integers, Publ. Math. Debrecen 30 (1–2)
(1983) 39–45.
[20] B. Kovács, A. Pethő, Number systems in integral domains, especially in orders of algebraic number
ﬁelds, Acta Sci. Math. (Szeged) 55 (3–4) (1991) 287–299.
[21] S. Lang, Linear Algebra, third edition, Undergraduate Texts in Mathematics, Springer-Verlag, New
York, 1987.
[22] S. Lang, Algebra, third edition, Graduate Texts in Mathematics, vol. 211, Springer-Verlag, New
York, 2002.
[23] K. Scheicher, Kanonische Ziﬀernsysteme und Automaten, Grazer Math. Ber. 333 (1997) 1–17.
[24] K. Scheicher, P. Surer, J.M. Thuswaldner, C.E. Van de Woestijne, Digit systems over commutative
rings, Int. J. Number Theory 10 (6) (2014) 1459–1483.
[25] C. van de Woestijne, Noncanonical number systems in the integers, J. Number Theory 128 (11)
(2008) 2914–2938.
[26] A. Vince, Radix representation and rep-tiling, in: Proceedings of the Twenty-Fourth Southeastern
International Conference on Combinatorics, Graph Theory, and Computing, Boca Raton, FL, 1993,
vol. 98, 1993, pp. 199–212.
[27] A. Vince, Replicating tessellations, SIAM J. Discrete Math. 6 (3) (1993) 501–521.

